Classification of homogeneous CR-manifolds in dimension 4 by Beloshapka, V. K. & Kossovskiy, I. G.
ar
X
iv
:0
91
1.
11
67
v3
  [
ma
th.
CV
]  
9 D
ec
 20
09
CLASSIFICATION OF HOMOGENEOUS
CR-MANIFOLDS IN DIMENSION 4
V.K.BELOSHAPKA AND I.G.KOSSOVSKIY
Abstrat. Loally homogeneous CR-manifolds in dimension 3
were lassied, up to loal CR-equivalene, by E.Cartan. We
lassify, up to loal CR-equivalene, all loally homogeneous CR-
manifolds in dimension 4. The lassiation theorem enables us
also to lassify all symmetri CR-manifolds in dimension 4, up
to loal biholomorphi equivalene. We also prove that any 4-
dimensional real Lie algebra an be realized as an algebra of ane
vetor elds in a domain in C3, linearly independent at eah point.
1. introdution
Let M be a real-analyti CR-manifold, generially embedded to the
omplex spae Cn+k, n = CRdimM, k = odimM. An important lass
of CR-manifolds is the lass of homogeneous CR-manifolds. A CR-
manifoldM is alled homogeneous, if its CR-automorphism group ats
transitively on it. The CR-manifold M is alled loally homogeneous,
if germs of M at any two points are CR-equivalent. In other words,
loally homogeneous CR-manifolds are that ones whih are "the same
at all points" up to loal biholomorphi transformations (note that,
due to the lassial result of Tomassini [23℄, the loal CR-equivalene is
equivalent to the loal biholomorphi equivalene in the real-analyti
ategory, so we don't make a dierene in these notions in what fol-
lows). A very useful equivalent denition of loal homogeneity is as
follows (see [24℄ for possible equivalent denitions of loal homogene-
ity). A holomorphi vetor eld on M at a point p ∈ M is a vetor
eld, whih is tangent to M at eah point and has the form
2Re
(
f1(z)
∂
∂z1
+ ... + fn+k(z)
∂
∂zn+k
)
,
where fj(z) are holomorphi funtions in a neighborhood of p in the
ambient spae. In what follows we skip the operator 2Re (·). Holomor-
phi vetor elds at p are exatly that ones whih generate a loal ow
of biholomorphi transformations at p, preserving M . These vetor
elds onstitute a Lie algebra with respet to the Lie braket of vetor
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elds, whih is alled the innitesimal automorphism algebra of M at p
and is denoted by autMp. The stability subalgebra of M at the point p
is the subalgebra autpMp ⊂ autMp, whih onsists of vetor elds, van-
ishing at p. This algebra generates the stability group (or the isotropy
group) of M at p, whih onsists of biholomorphi automorphisms of
the germ of M at p, preserving the xed point p. An evaluation map-
ping is the natural mapping εp : autMp → TpM , given by the formula
εp(X) = X|p. M is alled loally homogeneous at p, if the mapping εp
is surjetive (i.e. the values of vetor elds from autMp at p form all
the tangent spae TpM). M now is alled loally homogeneous, if it is
loally homogeneous at all points.
Loally homogeneous CR-manifolds in dimension 3 were lassied
by E.Cartan [9℄. Any suh manifold is loally CR-equivalent to one
of the following hypersurfaes in C2: the hyperplane Im z2 = 0 (the
ase dim autpMp = ∞), the hypersphere |z1|
2 + |z2|
2 = 1 (the ase
dim autpMp = 5) or one of the Cartan's homogeneous surfaes (the
ase dim autpMp = 0). Note that for a loally homogeneous CR-
manifold we learly have dim autMp = dim autpMp + dimM , so in
the mentioned three ases we have dim autMp = ∞, dim autMp = 8
and dim autMp = 3 orrespondingly. Cartan's lassiation is essen-
tially based on the Bianki's lassiation of real 3-dimensional Lie alge-
bras. Classiation of loally homogeneous CR-manifolds in dimension
5 (whih is essentially the lassiation of loally homogeneous hyper-
surfaes in C3) is in progress. Partial results in the Levi non-degenerate
ase have been obtained by A.Loboda, who presented the desired las-
siation for CR-manifolds with the ondition dim autpMp > 1 (see
[15℄,[16℄) and partial lassiation in the ase dim autpMp = 1 (this
ase is to be ompleted soon; see [17℄ for details). Unfortunately, in
the ase dim autMp = 0 A.Loboda's approah is unappliable and this
ase is to be studied by dierent methods (see [8℄ for some examples
onerned with this ase). In the Levi-degenerate ase the omplete
lassiation has been obtained by G.Fels and W.Kaup in [12℄ (see
also [13℄).
In the present paper we lassify all loally homogeneous CR-
manifolds in dimension 4, i.e. we do the next step after E.Cartans
lassiation. Sine for a generi CR-submanifold dimM = 2n + k
holds, from k, n > 0 we get n = 1, k = 2 (the lassiation of loally
homogeneous CR-manifolds in the ase of a omplex manifold (k = 0)
and in the ase of a totally real manifold (n = 0) is trivial: in the rst
ase M is loally CR-equivalent to C2, in the seond ase M is loally
CR-equivalent to a totally real 4-plane in C4). So in what follows M
is supposed to be a real-analyti loally homogeneous CR-manifold of
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dimension 4 and odimension 2, generially embedded to the omplex
spae C3.
A natural example of homogeneous CR-manifolds in the ase under
onsideration is as follows. Let L be an anely homogeneous urve in
R3. Then the tube manifold M = {z ∈ C3 : Im z ∈ L} is a homo-
geneous 4-dimensional CR-manifold. The homogeneity is provided by
the abelian group of real translations z 7→ z + a, a ∈ R3, and by the
one-dimensional ane group z 7→ A(t)z + b(t), where y 7→ A(t)y+ b(t)
is the one-dimensional ane group, providing the homogeneity of L.
Another important example of a homogeneous 4-dimensional CR-
manifold is onerned with the main trihotomy for CR-manifolds
under onsideration, demonstrated by V.Beloshapka, V.Ezhov and
G.Shmalz in [4℄,[5℄. To formulate it, we rstly introdue the notion of
total non-degeneray. A 4-dimensional CR-manifold M in C3 is alled
totally non-degenerate at a point p, if
TCp M + [T
CM,TCM ]p + [T
CM, [TCM,TCM ]]p = TpM,
where TCM is the bundle of omplex tangent planes to M ; otherwise
we allM just degenerate at p. At a generi point this non-degeneray
ondition is equivalent to the holomorphi non-degeneray (see [2℄).
A totally non-degenerate at eah point CR-manifold M is also alled
Engel-type manifold (see [6℄). As it was shown in [5℄, the total non-
degeneray ondition is also equivalent to the existene of loal holo-
morphi oordinates (z, w2, w3) ∈ C
3
, in whih p is the origin and M
is given as
Imw2 = |z|
2 +O(3), Imw3 = 2|z|
2
Re z +O(4),
where z, w2, w3 are assigned the weights
[z] = 1, [w2] = 2, ], [w3] = 3
and O(3), O(4) are terms of weights ≥ 3 and ≥ 4 orrespondingly. The
manifold, for whih the remainders vanish, is alled the 4-dimensional
CR-ubi (we will all it just the ubi and denote by C). The ubi
is the main example of a homogeneous totally non-degenerate CR-
manifold. The ubi is a partiular ase of a model manifold (see,
for example, [3℄) and has many remarkable properties (see [4℄,[5℄,[6℄,[8℄
for details), the main one is given by the following trihotomy for a
4-dimensional loally homogeneous CR-submanifold M in C3:
(1) dim autpMp =∞, whih ours if and only ifM is loally biholo-
morphially equivalent to a diret produtM3×R1, whereM3 ⊂ C2z1,z2
is a loally homogeneous hypersurfae in C2, R1 ⊂ C1z3 is a real line
(the totally degenerate ase).
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(2) dim autpMp = 1, whih ours if and only if M is loally biholo-
morphially equivalent to the ubi C.
(3) dim autpMp = 0 for all other totally non-degenerate manifolds
(the rigidity phenomenon).
As it was demonstrated in [6℄, the ubi an be also singled out
among totally non-degenerate surfaes as the (essentially) unique at
surfae with respet to some speial CR-urvature.
It is seen from the above trihotomy that the homogeneity of a 4-
dimensional totally non-degenerate CR-manifold, whih is loally non-
equivalent to the ubi, is provided by a 4-dimensional algebra of holo-
morphi vetor elds, namely by its innitisemal automorphism al-
gebra. It also follows from the trihotomy that a loal CR-mapping
between two 4-dimensional non-degenerate CR-manifolds, loally non-
equivalent to the ubi, indues a loal biholomorphi mappings between
the vetor eld algebras, providing the homogeneity of the manifolds (see
proposition 3.2 for details). These two observation essentially simplies
the desired lassiation, whih is nally given by the following theorem
(we use notations, assoiated to the ubi and denote the oordinates
in C3 by z, w2, w3 and also set z = x+ iy, wj = uj + ivj):
Main Theorem. Any real-analyti 4-dimensional loally homoge-
neous CR-submanifold M in C3 is loally CR-equivalent to one of the
following pairwise loally CR-inequivalent homogeneous surfaes:
CASE 1 - dim autpMp =∞ (the degenerate ase):
(1.1) v2 = 0, v3 = 0 (the real plane).
(1.2) |z|2 + |w2|
2 = 1, v3 = 0.
(1.3)M3×R1, whereM3 ⊂ C2z,w2 is one of the Cartan's homogeneous
surfaes in C2, R1 ⊂ C1w3 is a real line.
CASE 2 - dim autpMp = 1:
(2.1) {v2 = |z|
2, v3 = 2|z|
2
Re z} ∼ {v2 = y
2, v3 = y
3} (the ubi).
CASE 3 - dim autpMp = 0:
(3.1) v2 = xe
y + γyey, v3 = e
y, γ ∈ R.
(3.2) v2 =
x
y
+ γ ln y, v3 =
1
y
, γ ∈ R.
(3.3) v2 = xy
α + γyα+1, v3 = y
α, |α| > 1, α 6= 2, γ ∈ R.
(3.4) v2 = xy ln y + γy
2, v3 = y ln y, γ ∈ R.
(3.5) v2 = x
√
1− y2 + γarsin y, v3 =
√
1− y2, γ ∈ R.
(3.6) v2 = xv3 + γ(v
2
3 + y
2), exp
(
q artgv3
y
)
= v23 + y
2, q > 0, γ ∈ R.
(3.7) v2 = e
y, v3 = e
x+δy, δ ∈ R.
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(3.8) v2 = e
x+αy cos βy, v3 = e
x+αy sin βy, β > 0, (α, β) 6= (0, 1).
(3.9) v2 = e
xy cos y, v3 = e
xy sin y.
(3.10) v2 = y
α, v3 = y
β, 1 < α < β, (α, β) 6= (2, 3).
(3.11) v2 = e
ay, v3 = e
y, 0 < |a| < 1.
(3.12) v2 = h y, v3 = sh y.
(3.13) v2 = y ln y, v3 = y
α, α 6= {0; 1}.
(3.14) v2 = ye
y, v3 = e
y.
(3.15) v2 = y
2, v3 = e
y.
(3.16) v2 = y ln
2 y, v3 = y ln y.
(3.17) v2 = e
y cos βy, v3 = e
y sin βy, β > 0.
(3.18) v2 = y
α cos(β ln y), v3 = y
α sin(β ln y), β > 0.
(3.19) v2 = cos y, v3 = sin y.
As a orollary we get the following statement.
Theorem 1.2. Any loally homogeneous totally non-degenerate CR-
manifold is loally CR-equivalent to an anely homogeneous one.
Note that the last property holds for W.Kaup's list of 2-
nondegenerate hypersurfaes in C3 but does not hold E.Cartans and
A.Loboda's lists.
Theorem 1.2 implies the following "representation-type" result.
Theorem 1.2'. Any 4-dimensional real Lie algebra an be realized as
an algebra of ane vetor elds in a domain in C3, linearly independent
at eah point.
The Main Theorem also allows us to formulate the following lassi-
ation theorem.
Theorem 1.3. Any loally homogeneous totally non-degenerate CR-
manifold with non-trivial stability group is loally CR-equivalent to one
of the following pairwise loally CR-inequivalent homogeneous surfaes:
(2.1) (the ubi), (3.2), (3.5), (3.12), (3.19).
In the rst ase the stability group at the origin looks as
z 7→ λz, w2 7→ λ
2w2, w3 7→ λ
3w3, λ ∈ R
∗
and thus is isomorphi to R∗; in all other ases the stability group is of
Z2 - type and is generated by the authomorphism
z 7→ −z, w2 7→ −w2, w3 7→ w3
at the point (0, 0, i) for the surfaes (3.5), by the authomorphism
z 7→ −z, w2 7→ w2, w3 7→ −w3
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at the origin for the surfaes (3.12), (3.19) and by the authomorphism
z 7→ w3, w2 7→ −w2 + zw3 + 1, w3 7→ z
at the point (i, 0, i) for the surfaes (3.2).
Let M be a Riemannian CR-manifold. M is alled Hermitian CR-
manifold, if the Riemannian metri is ompatible with the almost om-
plex struture J on M in the sense that ||Jv||p = ||v||p holds for
eah v ∈ TCp M, p ∈ M . A Hermitian CR-manifold M is alled CR-
symmetri, if for eah point p ∈ M there exists a CR-isometry sp of
M , preserving the point p and suh that the dierential dsp, restrited
on the subspae TCp M⊕T
TR
p M ⊂ TpM, is minus idential. Here T
TR
p M
is the totally real part of TpM , i.e. the orthogonal omplement to the
subspae, spanned by TCp M and by the values at p of arbitrary order
Lie brakets of vetor elds X ∈ TM with the ondition Xa ∈ T
C
a M
for eah a ∈ M (for nite type CR-manifolds, in partiular for totally
non-degenerate manifolds, the subspae T TRp M is trivial; for innite
type CR-manifolds it is non-trivial and the ondition for dsp to be
minus idential on T TRp M guarantees the uniqueness of the involution
sp). In the paper [14℄ some beautiful onnetions between symmetri
CR-manifolds and Hermitian symmetri spaes are demonstrated (see
also [1℄). In partiular, it is proved that any symmetri CR-manifold
is also CR-homogeneous. The ubi C is given in [14℄ as an example
of a symmetri CR-manifold in dimension 4. Using theorem 3.1 and
the Cartan's lassiation theorem, we obtain the lassiation of all
symmetri CR-manifolds in dimension 4.
Theorem 1.4. Any symmetri CR-manifold of dimension 4 is loally
CR-equivalent to one of the following pairwise loally CR-inequivalent
symmetri surfaes:
CASE 1 - Degenerate Levi-at manifolds:
(1.a) v2 = 0, v3 = 0.
CASE 2 - Degenerate non Levi-at manifolds:
(2.a) v2 = y
2, v3 = 0.
(2.b) y2 + v22 = 1, v3 = 0.
(2.) y2 − v22 = 1, v3 = 0.
(2.d) 1 + |z|2 + |w2|
2 = a|1 + z2 + w22|, v3 = 0, a > 1.
(2.e) 1 + |z|2 − |w2|
2 = a|1 + z2 − w22|, v3 = 0, a > 1.
(2.f) −1 + |z|2 + |w2|
2 = a| − 1 + z2 + w22|, v3 = 0, 0 < |a| < 1.
CASE 3 - Totally non-degenerate manifolds:
(3.a) v2 = y
2, v3 = y
3
.
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(3.b) v2 = cos y, v3 = sin y.
(3.) v2 = h y, v3 = sh y.
(3.d) v2 = x
√
1− y2 + γarsin y, y2 + v23 = 1, γ ∈ R.
(3.e) v2 =
x
y
+ γ ln y, v3 =
1
y
, γ ∈ R.
The paper is organized as follows. In setion 2, using the main tri-
hotomy, we onsider loally homogeneous 4-dimensional CR-manifolds
in C3 as orbits of the natural ation of 4-dimensional Lie algebras of
holomorphi vetor elds in C3, and partially lassify the orbits un-
der the assumption that they are totally non-degenerate. In setion
3 we analyze the homogeneous 4-dimensional CR-submanifolds in C3,
obtained in setion 2, and study the loal CR-equivalene relations
among them, using the mahinery of normal forms (see [10℄,[6℄) and
the main trihotomy. This nally allows us to give a omplete list
of totally non-degenerate homogeneous manifolds under onsideration
and thus to prove the Main Theorem and then the theorems 1.3 and
1.4.
Remark 1.5. It follows from theorems 1.3 and 1.4 that the holomor-
phi authomorphism groups of the homogeneous surfaes (2.1) - (3.19)
oinide with exp(g(M)) exept the ases of symmetri surfaes, when
the authomorphism group is a semidiret produt of exp(g(M)) and
the stability group of a xed point, desribed in theorem 1.3. Sine in
all ases g(M) an be easily integrated, this gives a desription of the
holomorphi authomorphism groups of the homogeneous surfaes (2.1)
- (3.19).
Remark 1.6. Note that, in the same way as E.Cartans, A.Loboda's,
G.Fels and W.Kaups's lists of homogeneous CR-manifolds, our list on-
sists of globally homogeneous surfaes, whih equations are given by el-
ementary funtions. Also note that, in the same way as E.Cartans and
G.Fels and W.Kaups's lists, (the non-degenerate part of) our list on-
sists of one "model" objet with positive-dimensional stability subalge-
bra and "rigid" objets with trivial stability subalgebra (the "rigidity
phenomenon").
Remark 1.7. The onsideration of just real-analyti generially em-
bedded CR-submanifolds in CN in this paper is motivated by the fat
that a CR-manifold, admitting a loal transitive ation of a Lie group,
is automatially real-analyti, and by the fat that any real-analyti
CR-manifold an be loally generially embedded to C
N
(see [24℄).
This makes our lassiation results general enough to be reformulated
for arbitrary (abstrat) CR-manifolds.
The authors would like to thank Mike Eastwood and Alex Isaev from
the Australian National University for useful disussions.
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2. Homogeneous CR-manifolds and 4-dimensional Lie
algebras of holomorphi vetor fields in C3
In what follows M is supposed to be a real-analyti 4-dimensional
totally non-degenerate loally homogeneous generi CR-submanifold
in C3, p = (p1, p2, p3) is a xed point on M . As it follows from
the above disussion, the homogeneity of M is provided by some 4-
dimensional real Lie algebra of holomorphi vetor elds, whih oin-
ides with autMp if M is loally non-equivalent to the ubi C, or is
a subalgebra of the 5-dimensional Lie algebra autMp in ase when M
is loally CR-equivalent to C (see [8℄ for preise desription of autC).
We denote this algebra by g(M). M is the orbit of the natural loal
ation of g(M) in C3 at the point p. Also we denote by X1, X2, X3, X4
a basis of the Lie algebra g(M).
As the values of X1, X2, X3, X4 at p span the 4-dimensional lin-
ear spae TpM , these values are linearly independent over R. The
next proposition shows that the total non-degeneray property gives
stronger restrition on these values.
Proposition 2.1. If the vetor elds X1, X2, X3 span a 3-dimensional
Lie subalgebra a of g(M), then their values at p are linearly independent
over C.
Proof. Suppose that rkC{X1|p , X2|p , X3 |p} < 3. Let a
C
be the
omplexiation of a. Consider the real ation of a in C3 as well as the
omplex ation of aC in C3 and denote the orbits of these loal ations
at p by N and L orrespondingly. Sine the values of X1, X2, X3 at p
are linearly independent over R, N is a real 3-manifold. The inequality
rkC{X1|p , X2|p , X3 |p} < 2 is impossible beause M is generi (and
hene the omplexiation of TpM must oinide with C
3
). So we have
rkC{X1|p , X2|p , X3 |p} = 2, L is a 2-dimensional omplex manifold
and N ⊂ L is a real submanifold. Consider TCp N ⊂ T
C
p L. Sine
N ⊂ M and TCp M is of dimension 1, we onlude that T
C
p N = T
C
p M ,
onsequently TCp M ⊂ T
C
p L and the same holds for all neighbor points
of N , whih is a ontradition with the total non-degeneray ondition.
Hene rkC{X1|p , X2|p , X3 |p} = 3, as required. 
In this setion we obtain a partial lassiation of the lass of CR-
manifolds under onsideration, onsidering them as orbits of the nat-
ural loal ation of 4-dimensional real Lie algebras in C3. We use
the lassiation of 4-dimensional real Lie algebras, given in [18℄ (the
results of [18℄ are also laimed, for example, in [19℄). There are 22
types of suh algebras: 10 solvable deomposable ones, 10 solvable
indeomposable ones, and 2 non-solvable deomposable ones. Some
CLASSIFICATION OF HOMOGENEOUS CR-MANIFOLDS IN DIMENSION 4 9
types ontain real parameters. For our purposes it will be more
onvenient to single out ve types of solvable algebras, whih do
not ontain a 3-dimensional abelian ideal (aording to [18℄, these
are types A4.8, A4.7, A4.9, A2.2 ⊕ A2.2 and A4.10 orrespondingly). We
also denote by type VI all solvable algebras, whih ontain a 3-
dimensional abelian ideal (aording to [18℄, these are algebras of types
A3.1 ⊕ A1, A2.2 ⊕ A2.1, A3.j ⊕ A1, j = 3, ...9 and A4.j, j = 1, ..., 6) and
denote by types VII and VIII orrespondingly the two non-solvable al-
gebras so2,1(R)⊕R
1
and so3(R)⊕ R
1
. Aording to the lassiation,
we onsider 8 ases depending on the type of the Lie algebra g(M).
Type I. Lie algebras of this type have the following ommuting rela-
tions:
[X1, X2] = 0, [X1, X3] = 0, [X2, X3] = X1,
[X1, X4] = (q + 1)X1, [X2, X4] = X2, [X3, X4] = qX3, |q| ≤ 1.
Applying now for an algebra of type I proposition 2.1, we onlude,
that the values of X1, X2, X3 at p are linearly independent over C
and we an retify the ommuting vetor elds X1, X2 simultaneously
in some neighborhood of p, so in this neighborhood we have: X1 =
∂
∂w2
, X2 =
∂
∂w3
(the notations are taken from the introdution). From
the ommuting relations we then have X3 = a(z)
∂
∂z
+ (b(z) +w3)
∂
∂w2
+
c(z) ∂
∂w3
for some analyti funtions a(z), b(z), c(z), a(p1) 6= 0. Then
we rstly retify the non-zero vetor eld a(z) ∂
∂z
and after that make a
variable hange of kind w3 −→ w3+C(z). Then in the new oordinates
X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ (b˜(z) + w3)
∂
∂w2
+ (c˜(z) + Cz)
∂
∂w3
.
Now taking C(z) from the equation Cz + c˜(z) = 0 we get X3 =
∂
∂z
+
(b˜(z) + w3)
∂
∂w2
, and after a transformation w2 −→ w2 + B(z) for a
funtion B(z), satisfying Bz+ b˜(z) = 0, we nally get X3 =
∂
∂z
+w3
∂
∂w2
.
Now from the ommuting relations for X4 it is not diult to verify
that X4 must have the form X4 = (qz + l)
∂
∂z
+ ((q + 1)w2 + mz +
n) ∂
∂w2
+ (w3 +m)
∂
∂w3
, l, m, n ∈ C. Also from the fat that the vetor
elds X1, X2, X3 are tangent to M , we an onlude that M is given
by equations
v2 = xψ(y) + τ(y), v3 = ψ(y)(1)
for some real-analyti funtions ψ(y), τ(y). To see that, we present M
in the form v2 = F (x, y, u2, u3), v3 = G(x, y, u2, u3), whih is possible
sine iX1, iX2 are transversal to M , and get from the tangeny ondi-
tions Fu2 = Fu3 = Gu2 = Gu3 = Gx = 0, Fx = G. Sine X4 is tangent
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to M , we get the following onditions for ψ, τ :
(q + 1)xψ(y) + (q + 1)τ(y) +m1y +m2x+ n2 =
qxψ + qxyψy + l2xψy + l1ψ + l2τy + qyτy;
ψ +m2 = l2ψy + qyψy.
Here l = l1+il2, m = m1+im2, n = n1+in2. Note that the linear part
of ψ and τ in (1) an be annihilated by a linear transformation. Also
note that the total non-degeneray ondition requires ψ(y) 6= ay + b.
Then, solving the equations on ψ, τ and making a linear variable hange
with respet to z, we an put:
Case q = 0: ψ = Aey, τ = Byey, A 6= 0. After a saling we may
suppose A = 1.
Case q = −1: ψ = A
y
, τ = B ln y, A 6= 0. After a saling we may
suppose A = 1.
Case q 6= {0,±1}: ψ(y) = Ayα, τ(y) = Byα+1, A 6= 0, where α = 1
q
.
After a saling we may suppose A = 1.
It is interesting that the ase q = 1 an't our for a totally non-
degenerate manifold, i.e. all orbits of the Lie algebra of type I with
q = 1 in C3 are degenerate.
Proposition 2.2. Any totally non-degenerate CR-manifold with
g(M) of type I is loally CR-equivalent to one of the following surfaes:
Type I a: v2 = xe
y + γyey, v3 = e
y, γ ∈ R.
Type I b: v2 =
x
y
+ γ ln y, v3 =
1
y
, γ ∈ R.
Type I : v2 = xy
α + γyα+1, v3 = y
α, |α| > 1, γ ∈ R.
The restrition on α follows from the ondition |q| ≤ 1.
Type II. Lie algebras of this type have the following ommuting rela-
tions:
[X1, X2] = 0, [X1, X3] = 0, [X2, X3] = X1,
[X1, X4] = 2X1, [X2, X4] = X2, [X3, X4] = X2 +X3.
Sine the ommuting relations among X1, X2, X3 are the same as
in ase I, we onlude that in appropriate oordinates these vetor
elds have the form X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w3
∂
∂w2
. From
the ommuting relations for X4 it is also not diult to verify that
X4 = (z+ l)
∂
∂z
+(2w2+
1
2
z2+mz+n) ∂
∂w2
+(z+w3+m)
∂
∂w3
, l, m, n ∈ C.
After a translation along z (whih do not hange X1, X2, X3) we may
suppose l = 0. Sine X1, X2, X3 are the same as in ase I, we an also
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onlude that M has the form (1). The tangeny onditions for the
vetor eld X4 have the form:
2xψ + 2τ + xy +m1y +m2x = xψ + xyψy + yτy;
ψ + y +m2 = yψy.
Annihilating the linear part of ψ and τ , we an put: ψ(y) =
Ay ln |y|, τ(y) = By2, A 6= 0. After a saling we may suppose A = 1.
Thus we have proved the following proposition.
Proposition 2.3. Any totally non-degenerate CR-manifold with
g(M) of type II is loally CR-equivalent to one of the following sur-
faes:
Type II: v2 = xy ln y + γy
2, v3 = y ln y, γ ∈ R.
Type III. Lie algebras of this type have the following ommuting re-
lations:
[X1, X2] = 0, [X1, X3] = 0, [X2, X3] = X1,
[X1, X4] = 2qX1, [X2, X4] = qX2 −X3, [X3, X4] = X2 + qX3, q ≥ 0.
Sine the ommuting relations among X1, X2, X3 are the same as
in ase I, we onlude that in appropriate oordinates these vetor
elds have the form X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w3
∂
∂w2
. From
the ommuting relations for X4 it is also not diult to verify that
X4 = (qz −w3 + l)
∂
∂z
+ (2qw2 +
1
2
z2 − 1
2
w23 +mz + n)
∂
∂w2
+ (z + qw3 +
m) ∂
∂w3
, l, m, n ∈ C. After a translation along z (whih do not hange
X1, X2, X3) we may suppose m = 0. Now we onsider two ases.
Case 1: q = 0. Sine X1, X2, X3 are the same as in ase I, we an
also onlude that M has the form (1). The tangeny onditions for
the vetor eld X4 have the form:
xy − u3ψ + n2 = (−u3 + l1)ψ + xψy(−ψ + l2) + τy(−ψ + l2);
y = ψy(−ψ + l2).
Annihilating the linear part of ψ and τ , we an put: ψ(y) =√
R2 − y2, τ(y) = B arsin y
R
, R > 0. After a saling we may suppose
R = 1, and M is nally given as
v2 = x
√
1− y2 + γ arcsin y, v3 =
√
1− y2, γ ∈ R.
Case 2: q > 0. In that ase after a translation along w2 we may
suppose n = 0. Also we make a variable hange, whih linearizes our
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vetor eld algebra:
z 7→ z, w2 7→ 2w2 − zw3, w3 7→ w3.(2)
As a result we have X1 = 2
∂
∂w2
, X2 =
∂
∂w3
− z ∂
∂w2
, X3 =
∂
∂z
+
w3
∂
∂w2
, X4 = (qz − w3 + l)
∂
∂z
+ (2qw2 − lw3)
∂
∂w2
+ (qw3 + z)
∂
∂w3
. Re-
plaing X4 by X4 − l1X3, we may suppose that Re l = 0. Now after
the translations z 7→ z + qib, w3 7→ w3 − ib, where b =
l1
q2+1
, we get
X1 = 2
∂
∂w2
, X2 =
∂
∂w3
− (z − qib) ∂
∂w2
, X3 =
∂
∂z
+ (w3 + ib)
∂
∂w2
, X4 =
(qz − w3)
∂
∂z
+ (2qw2 − lw3)
∂
∂w2
+ (z + qw3)
∂
∂w3
(we replae X4 by
X4 − bl2X1). Presenting now M in the form v2 = F (x, y, u2, u3), v3 =
G(x, y, u2, u3), from the tangeny onditions for X1, X2, X3 we get
Fu2 = Gx = Gu2 = Gu3 = 0, Fx = G + b, Fu3 = −y + bq. Then
M is given as
v2 = xψ(y) + τ(y)− yu3 + bqu3 + bx, v3 = ψ(y).
The tangeny onditions for X4 imply
2q(xψ + τ − yu3 + bqu3 + bx)− bu3(q
2 + 1)) =
= (qx− u3)ψ + xψy(qy − ψ) + τy(qy − ψ)− (qy − ψ)u3−
−y(qu3 + x) + bq(qu3 + x) + b(qx− u3);
qψ + y = ψy(qy − ψ).
From the seond equation we get
ψy =
qψ + y
qy − ψ
.
This is a rst order homogeneous equation. The general solution is
exp(2qartgψ
y
) = c2(ψ2+y2). Hene we get ψc(y) =
1
c
ψ1(cy) and after a
saling we may suppose for the original manifoldM that ψ(y) = ψ1(y).
For τ from the rst tangeny ondition we get
τy
τ
=
2q
qy − ψ(y)
.(3)
Hene the general solution is τc(y) = cτ1(y). It is straightforward
to hek that τ = c(ψ2 + y2) is atually the general solution of (3).
Annihilating the pluriharmoni terms in the right hand side of the
dening equations ofM and replaing−yu3 by xv3 (sine the dierene
is pluriharmoni), we an presentM after a saling in the following way:
v2 = xv3 + γ(v
2
3 + y
2), exp
(
2q artg
v3
y
)
= v23 + y
2, q > 0, γ ∈ R.
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Proposition 2.4. Any totally non-degenerate CR-manifold with
g(M) of type III is loally CR-equivalent to one of the following sur-
faes:
Type IIIa: v2 = x
√
1− y2 + γ arcsin y, v3 =
√
1− y2, γ ∈ R.
Type IIIb: v2 = xv3 + γ(v
2
3 + y
2), exp
(
2q artg
v3
y
)
= v23 + y
2, q > 0, γ ∈ R.
Type IV. Lie algebras of this type have the following ommuting re-
lations:
[X1, X2] = 0, [X1, X3] = 0, [X2, X3] = X2,
[X1, X4] = X1, [X2, X4] = 0, [X3, X4] = 0.
Using proposition 2.1, we an retify the ommuting vetor elds
X1, X2, so X1 =
∂
∂w2
, X2 =
∂
∂w3
. From the ommuting relations
X3 = a(z)
∂
∂z
+ b(z)
∂
∂w2
+ (w3 + d(z))
∂
∂w3
, a(z) 6= 0.
Now we rstly retify a(z) ∂
∂z
, then make a variable hange w2 −→ w2+
B(z), w3 −→ w3+D(z) for funtions B(z), D(z), satisfying Bz+b(z) =
0, Dz −D(z) + d(z) = 0 and nally get X3 =
∂
∂z
+ w3
∂
∂w3
.
Now from the ommuting relations for X4 it is not diult to verify
that X4 must have the form X4 = l
∂
∂z
+(w2+m)
∂
∂w2
+nez ∂
∂w3
, l, m, n ∈
C. Also from the fat that the vetor elds X1, X2, X3 are tangent to
M , we an onlude that M is given by equations
v2 = ψ(y), v3 = e
xτ(y)(4)
for some real-analyti funtions ψ(y), τ(y). To see that, we present M
in the form v2 = F (x, y, u2, u3), v3 = G(x, y, u2, u3) and get from the
tangeny onditions Fu2 = Fu3 = Gu2 = Gu3 = Fx = 0, Gx = G. Sine
X4 is tangent to M , we get the following onditions on ψ, τ :
ψ +m2 = l2ψy;
n1e
x sin y + n2e
x cos y = l1e
xτ + l2e
xτy.
Note that linear terms in ψ and terms of kind a sin y+b cos y in τ an
be annihilated by transformations of kind w2 −→ w2 + A(z), w3 −→
w3 + B(z). Also from the total non-degeneray ψ, τ 6= 0. Then after
salings ψ = ey, τ = eδy. Thus we have proved the following proposi-
tion.
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Proposition 2.5. Any totally non-degenerate CR-manifold with
g(M) of type IV is loally CR-equivalent to one of the following sur-
faes:
Type IV: v2 = e
y, v3 = e
x+δy, δ ∈ R.
TypeV. Lie algebras of this type have the following ommuting rela-
tions:
[X1, X2] = 0, [X1, X3] = X1, [X2, X3] = X2,
[X1, X4] = X2, [X2, X4] = −X1, [X3, X4] = 0.
Having g(M) of type V, we rstly retify the ommuting vetor
elds X1, X2 (using proposition 2.1), so X1 =
∂
∂w2
, X2 =
∂
∂w3
. Then
from the ommuting relations X3 = a(z)
∂
∂z
+ (w2 + b(z))
∂
∂w2
+ (w3 +
d(z)) ∂
∂w3
, a(z) 6= 0. After a retiation of a(z) ∂
∂z
and a variable hange
w2 −→ w2+B(z), w3 −→ w3+D(z) for funtions B(z), D(z), satisfying
Bz + b(z) = 0; Dz + d(z) = 0, we nally get X3 =
∂
∂z
+w2
∂
∂w2
+w3
∂
∂w3
.
From the ommuting relations for the vetor eld X4 we then get
X4 = l
∂
∂z
+ (mez − w3)
∂
∂w2
+ (nez + w2)
∂
∂w3
, l, m, n ∈ C.
Presenting M in the form v2 = F (x, y, u2, u3), v3 = G(x, y, u2, u3), we
get from the tangeny onditions for X1, X2, X3: Fu2 = Fu3 = Gu2 =
Gu3 = 0, Fx = F,Gx = G, whih means that M is given as
v2 = e
xψ(y), v3 = e
xτ(y).(5)
The tangeny onditions for X4 now give
m1e
x sin y +m2e
x cos y − exτ = l1e
xψ + l2e
xψy;
n1e
x sin y + n2e
x cos y + exψ = l1e
xτ + l2e
xτy.
Solving these equations and annihilating trigonometri terms a sin y +
b cos y by transformations of kind wj −→ wj + Cje
z
in (5), we get:
Case l = l1 + il2 6= ±i: ψ = c1e
αy cos βy + c2e
αy sin βy, τ =
c˜1e
αy cos βy + c˜2e
αy sin βy, where α = − l1
l2
, β = 1
l2
;
Case l = l1 + il2 = ±i: ψ = c1y cos y + c2y sin y, τ = c˜1y cos y +
c˜2y sin y. After a linear transformation we an put in both ases c1 =
c˜2 = 1, c2 = c˜1 = 0. Thus we have proved the following proposition.
Proposition 2.6. Any totally non-degenerate CR-manifold with
g(M) of type V is loally CR-equivalent to one of the following sur-
faes:
Type Va: v2 = e
x+αy cos βy, v3 = e
x+αy sin βy, β > 0, α + βi 6= i.
Type Vb: v2 = e
xy cos y, v3 = e
xy sin y.
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TypeVI. Lie algebras of this type are haraterized by the property
that they have an abelian 3-dimensional ideal. Hene we have the
following ommuting relations:
[Xi, Xj] = 0, 1 ≤ i, j ≤ 3, [Xi, X4] =
3∑
j=1
cijXj , 1 ≤ i ≤ 3, cij ∈ R.
Applying proposition 2.1, we an retify the ommuting vetor elds
X1, X2, X3 simultaneously, then we have X1 =
∂
∂z
, X2 =
∂
∂w2
, X3 =
∂
∂w3
.
From the ommuting relations we an onlude now that X4 is an ane
vetor eld with a real linear part and hene (sineM is invariant under
X1, X2, X3)M is a tube over a loally anely homogeneous urve in R
3
.
All possible ations of ane 1-dimensional transformation groups in R3
were lassied in [22℄. It is not diult to obtain from that lassiation
the ane lassiation of loally anely homogeneous urves in R3
and hene the real-ane lassiation of the orresponding tubes in
C3. Rejeting the totally degenerate surfaes, we get the following
proposition.
Proposition 2.7. Any totally non-degenerate CR-manifold with
g(M) of type VI is loally CR-equivalent to one of the following pairwise
loally anely non-equivalent anely homogeneous tube surfaes:
Type V Ia : v2 = y
α, v3 = y
β, 1 < α < β.
Type V Ib : v2 = e
ay, v3 = e
y, −1 ≤ a < 1.
Type V Ic : v2 = y ln y, v3 = y
α, α 6= 0; 1.
Type V Id : v2 = ye
y, v3 = e
y.
Type V Ie : v2 = y
2, v3 = e
y.
Type V If : v2 = y ln
2 y, v3 = y ln y.
Type V Ig : v2 = e
y cos βy, v3 = e
y sin βy, β > 0.
Type V Ih : v2 = y
α cos(β ln y), v3 = y
α sin(β ln y), β > 0.
Type V Ii : v2 = cos y, v3 = sin y.
TypesVII-VIII. Lie algebras of these types have the following om-
muting relations:
[X1, X2] = X1, [X1, X3] = 2X2, [X2, X3] = X3,
[X1, X4] = [X2, X4] = [X3, X4] = 0 (Type VII),
[X1, X2] = X3, [X1, X3] = −X2, [X2, X3] = X1,
[X1, X4] = [X2, X4] = [X3, X4] = 0 (Type VIII).
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Consider rstly an algebra of type VIII. It ontains the subalgebra
a = span{X1, X2, X3}, isomorphi to so3(R). By proposition 2.1, the
values of the vetor elds X1, X2, X3 at p are linearly independent
over C, whih implies that the orbit of the natural loal ation of
the omplexied algebra aC at p is an open set in C3. Hene there
exists a loal biholomorphi mapping from the Lie group SO3(C) to
a neighborhood of p suh that aC is the image of the tangent algebra
of the Lie group SO3(C) under this mapping. Hene after a loal
holomorphi oordinate hange we may suppose that aC is the algebra
of left-invariant vetor elds on SO3(C) and that X4 is a vetor eld
on SO3(C), ommuting with this algebra. Considering the ows of
vetor elds from aC and of the vetor eld X4, we onlude that these
ows ommute, whih implies that any transformation from the ow
of X4 ommute with the standard left multipliations in SO3(C). If
ϕ is one of these transformations and x, g ∈ SO3(C), then we get
ϕ(g · x) = g · ϕ(x). Putting x = e, we get ϕ(g) = gϕ(e), whih means
that X4 generates a one-parametri subgroup of right multipliations
and hene is a right-invariant vetor eld.
Now the orbit of the given algebra at the point Id (orresponding to
the original point p) is desribed as follows. Consider a as a real subal-
gebra in the matrix Lie algebra so3(C). Sine the values of the vetor
elds X1, X2, X3 at p are linearly independent over C, this subalgebra
is a totally-real subspae. Let A1, A2, A3 be a basis of this subspae.
Then orbit of the ation of the real Lie subgroup, orresponding to a,
is given as ex1A1 · ex2A2 · ex3A3 ·Z, Z ∈ SO3(C), xj ∈ R. The orbit of the
ation of X4 is given as Z · e
−Bt, Z ∈ SO3(C), t ∈ R for some matrix
B from so3(C). Sine a is totally real, the matrix B an be presented
as B1 + iB2, B1, B2 ∈ a. If X˜4 is the right-invariant vetor eld, orre-
sponding to the matrix iB2, then (sine B1 ∈ a) at eah point the vetor
elds X1, X2, X3, X4 and X1, X2, X3, X˜4 span the same 4-dimensional
real linear spae. This observation allows us to put B1 = 0. Now we
hoose a basis in a in suh a way that A3 = −B2. Then we nally
obtain that the desired orbit looks as follows:
ex1A1 · ex2A2 · ex3A3 · eitA3 , xj , t ∈ R.
Consider now the mapping F : C3 −→ SO3(C), given as F (z1, z2, z3) =
ez1A1 · ez2A2 · ez3A3. It is biholomorphi at the origin, sine Fzj (0) = Aj
and Aj are linearly independent over C, and the orbit turns out to be
the image of the 4-plane {Im z1 = Im z2 = 0} under F . Hene the orbit
is degenerate, whih is a ontradition. In the same way we obtain
that all M with g(M) of type VII are degenerate (in that ase the
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subalgebra, spanned by X1, X2, X3 is isomorphi to so2,1(R)). Thus we
have proved the following proposition.
Proposition 2.8. Any CR-manifold M with g(M) of types VII-VIII
is degenerate.
We resume this hapter by formulating the following partial lassi-
ation theorem.
Theorem 2.9. Any totally non-degenerate loally homogeneous 4-
dimensional CR-manifold in C3 is loally CR-equivalent to one of the
homogeneous surfaes Ia,Ib,I,II,IIIa,IIIb,IV,Va,Vb,VIa-VIi.
Remark 2.10. Realizations of low-dimensional real Lie algebras as
algebras of vetor elds in a real linear spae were onsidered in many
papers. For example, realizations of 4-dimensional real Lie algebras
as algebras of vetor elds in R3 were onsidered in [21℄ and some
formulas, obtained in the present setion, are presented in [21℄, but
the diret appliation of the results of [21℄ is impossible in our ase
sine the situation of a real algebra of holomorphi vetor elds in a
omplex spae gives some restritions on the possible realizations (as,
for example, proposition 2.1 shows) as well as some new possibilities,
as the above examples show.
3. The lassifiation
In this setion we speify the partial lassiation theorem 2.9. This
nally allows us to prove the Main Theorem. More preisely, we study
the loal CR-equivalene relations among the surfaes Ia-VIi. To do
so, we rstly give the following denition.
Denition 3.1. A totally non-degenerate loally homogeneous 4-
dimensional CR-manifold M is alled spherial, if at some point (and
hene at eah point) it is loally CR-equivalent to the ubi C. Other-
wise M is alled non-spherial.
The term "spherial" is used in analogue with the ase of a hypersur-
fae in C2, where the 3-dimensional sphere is the model surfae for the
lass of Levi non-degenerate hypersurfaes [20℄. Using the trihotomy
for 4-dimensional loally homogeneous CR-submanifolds in C
3
(see in-
trodution), we get the following proposition.
Proposition 3.2. Two non-spherial 4-dimensional totally non-
degenerate loally homogeneous CR-submanifold M,M ′ are loally CR-
equivalent if and only if there exists a biholomorphi mapping F , trans-
lating a point p ∈ M to a point p′ ∈ M ′ and (loally) translating the
algebra g(M) = autMp into the algebra g(M
′) = autM ′p′. In partiu-
lar, if M,M ′ are CR-equivalent, then g(M), g(M ′) are isomorphi as
Lie algebras.
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It follows from the above proposition that for non-spherial mani-
folds the loal CR-equivalene problem an be redued to the biholo-
morphi equivalene problem for vetor eld algebras, providing the
homogeneity of the manifolds. Hene it is important now to nd out
what surfaes in the extended list Ia-VIi are spherial. We rstly note
that the spheriity of VIa with α = 2, β = 3 follows from [8℄. The
spheriity of I for α = 2 an be veried from the previous fat by
applying the binomial formula for (x+ iy)3. To do the spheriity hek
for the other surfaes, we refer to the spheriity riterion, formulated in
[6℄. Aording to this riterion, a 4-dimensional totally non-degenerate
loally homogeneous CR-manifoldM is spherial if and only if in some
loal oordinates (z, w2, w3) it an be presented as
v2 = |z|
2 +O(6), v3 = 2|z|
2
Re z +O(7),
where the variables are assigned the weights [z] = 1, [w2] = 2, [w3] = 3
andO(6), O(7) are terms of weights grater than 6 and 7 orrespondingly
(this is some analogue for the spheriity riterion for a hypersurfae in
CN , see [9℄,[10℄). To apply this riterion to the above list of homoge-
neous surfaes, we onsider all possible holomorphi transformations,
preserving the origin, and present them as
z 7→ f1 + · · ·+ fn +O(n+ 1), w2 7→ g1 + · · ·+ gn+1 +O(n+ 2),
w3 7→ h1 + · · ·+ hn+2 +O(n+ 3),
where fj, gj, hj are polynomials of weight j. We all the olletion of
all fj , gk, hl for j ≤ n, k ≤ n + 1, l ≤ n + 2 the (n, n + 1, n + 2)-jet of
the transformation. We also present the manifold as
v2 = |z|
2 +
∞∑
j=3
Fj, v3 = 2|z|
2
Re z +
∞∑
j=4
Gj,
where Fj , Gj are polynomials of weight j and all the olletion of all
Fj, Gj+1 for 3 ≤ j ≤ m the (m,m + 1) jet of M . Then we note the
following. Given a mapping of a manifold
v2 = |z|
2 + F3 + · · ·+ Fm + O(m+ 1),
v3 = 2|z|
2
Re z +G4 + · · ·+Gm+1 +O(m+ 2)
to a manifold of the same kind
v2 = |z|
2 + Fˆ3 + · · ·+ Fˆm + O(m+ 1),
v3 = 2|z|
2
Re z + Gˆ4 + · · ·+ Gˆm+1 +O(m+ 2),
preserving the origin, for a xed (m,m+1)-jet of the rst manifold the
(m,m+1)-jet of the seond manifold depends only on the (m−1, m,m+
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1)-jet of the mapping. Then it is lear that the vanishing ondition for
the (5, 6)-jet of the manifold (whih is equivalent to the spheriity) is a
ondition on the (4, 5, 6)-jet of the mapping. This ondition is a system
of equations on the oeients of the (4, 5, 6)-jet of the mapping.
Now we desribe the proess of the spheriity inspetion for a totally
non-degenerate surfae.
Step 0. We present the equations of the surfae as
v2 = |z|
2+F3+F4+F5+O(6), v3 = 2|z|
2
Re z+G4+G5+G6+O(7).
Step 1. We write the ondition on the oeients of a mapping
z 7→ z + f2 +O(3), w2 7→ w2 + g3 +O(4), w3 7→ w3 + h4 +O(5),
whih maps the original surfae onto a surfae
v2 = |z|
2 +O(4), v3 = 2|z|
2
Re z +O(5).
This ondition is a system of 17 real equations on 18 real variables.
This system always has a solution (f2, g3, h4).
Step 2. We write the ondition on the oeients of a mapping
z 7→ z+f2+f3+O(4), w2 7→ w2+g3+g4+O(5), w3 7→ w3+h4+h5+O(6),
whih maps the surfae, obtained in step 1, onto a surfae
v2 = |z|
2 +O(5), v3 = 2|z|
2
Re z +O(6).
This ondition is a system of 26 real equations on 24 real variables,
whih might not have any solution. If this system has no solution,
then we onlude that the surfae is not spherial. Otherwise we get a
solution (f3, g4, h5) and go to step 3.
Step 3. We write the ondition on the oeients of a mapping
z 7→ z + f2 + f3 + f4 +O(5), w2 7→ w2 + g3 + g4 + g5 +O(6),
w3 7→ w3 + h4 + h5 + h6 +O(7),
whih maps the surfae, obtained in step 2, onto a surfae
v2 = |z|
2 +O(6), v3 = 2|z|
2
Re z +O(7).
This ondition is a system of 39 real equations on 32 real variables,
whih may have no solution. If this system has no solution, then we
onlude that the surfae is not spherial, otherwise it is spherial.
To solve the systems of equations for the homogeneous surfaes Ia-Vb
we used Maple 6 pakage (see [7℄ for the details of the omputations).
For the tube ase VI it is possible to apply simpler arguments. We
resume the results of our omputations in the following proposition.
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Proposition 3.3. The following homogeneous surfaes from the list
Ia-VIi are spherial: I for α = 2 and VIa for α = 2, β = 3. All other
surfaes from the list Ia-VIi are non-spherial.
Proof. To prove the proposition for the tube surfaes VIa-VIi we note
the following: the subalgebra span{X3, X2, X
′
1} is the unique abelian
3-dimensional subalgebra in the 5-dimensional innitesimal automor-
phism algebra of the ubi C (it an be easily veried from the ommut-
ing relations in the algebra, see [8℄ for the details and the notations). As
it was shown in [8℄, the ubi C is polinomially equivalent to the tube
surfae V Ia for α = 2, β = 3 (we denote this surfae by C˜) and we
onlude that span{ ∂
∂z
, ∂
∂w2
, ∂
∂w3
} is the unique 3-dimensional abelian
subalgebra in autC˜. Hene if a tube surfae M from the list VIa-VIi
is loally biholomorphially equivalent to the ubi C, we get a biholo-
morphi mapping F , whih maps g(M) to a 4-dimensional subalgebra
of the 5-dimensional algebra autC˜. In partiular, the abelian 3-algebra,
spanned by X1, X2, X3, is mapped to an abelian 3-dimensional subal-
gebra of autC˜. Sine suh subalgebra is unique, we onlude that F
maps the three oordinate vetor eld
∂
∂z
, ∂
∂w2
, ∂
∂w3
to their linear om-
binations, whih implies that F is in fat a linear mapping. Hene
all the tube surfaes VIa-VIi exept C˜ are loally biholomorphially
non-equivalent to C, as required. 
It remains now to prove that the non-spherial homogeneous sur-
faes Ia-VIi are pairwise loally CR-inequivalent. Sine homogeneous
surfaes of dierent types Ia-VIi orrespond to non-isomorphi Lie al-
gebras (exept the ases Va,Vb, orresponding to the same algebra V),
we just need to prove, using proposition 3.2, that two vetor eld al-
gebras, providing the homogeneity of two non-spherial surfaes of the
same type Ia-VIi, an not be mapped onto eah other by a loal bi-
holomorphi mapping and also to prove that two vetor eld algebras,
providing the homogeneity of a type Va surfae and a type Vb sur-
fae orrespondingly, an not be mapped onto eah other by a loal
biholomorphi mapping. In what follows
Φ : C3z,w2,w3 7→ C
3
ξ,η2,η3
denotes a loal biholomorphi mapping, whih maps a germ of a homo-
geneous surfae M at p onto a germ of a homogeneous surfae M ′ at
p′. X1, X2, X3, X4 and Y1, Y2, Y3, Y4 denote the basis of the vetor eld
algebras g(M) and g(M ′) orrespondingly. Now we onsider dierent
ases.
Ia 7→ Ia. In this ase we may suppose p = p′ = (0, 0, i). From
setion II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w3
∂
∂w2
, X4 =
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(i − γ) ∂
∂z
+ w2
∂
∂w2
+ w3
∂
∂w3
and the same for Yj (with a parameter
γ′). The vetor eld algebras are of type I with q = 0. Span{X1, X2}
is the ommutant and hene is invariant under Φ. X4 is the unique
element, modulo the ommutant, for whih the orresponding adjoint
operator is idential on the ommutant. X3 is the unique element, up
to a salar and modulo the ommutant, for whih the orresponding
adjoint operator has zero eigenvalues on the ommutant. Span{X1}
is the kernel of adX3 . From all the above invariant desriptions we
onlude that ΦmapsX1 to aY1, X2 to bY1+eY2, X3 tomY1+nY2+kY3,
X4 to pY1+sY2+Y4, where a, b, e,m, n, k, p, s ∈ R, a, e, k 6= 0. The rst
two onditions imply ξ = F (z), η2 = G(z)+aw2+bw3, η3 = H(z)+ew3.
The third one implies Fz = k, the fourth one implies (i−γ)Fz = i−γ
′
.
Hene we get k = 1, γ = γ′ and onlude that M =M ′.
Ib 7→ Ib. In this ase we may suppose p = p′ = (i, 0, i). From setion
II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+w3
∂
∂w2
, X4 = −z
∂
∂z
−iγ ∂
∂w2
+
w3
∂
∂w3
and the same for Yj (with a parameter γ
′
). The vetor eld
algebras are of type I with q = −1. Span{X1, X2, X3} is the ommutant
and hene is invariant under Φ. X4 is the unique element, up to a
sign and modulo the ommutant, for whih the orresponding adjoint
operator has eigenvalues {0; 1;−1} on the ommutant. Span{X1} is the
seond ommutant. From the above invariant desriptions we onlude
that Φ maps X1 to aY1, X2 to bY1 + eY2 + kY3, X3 to lY1 +mY2 +nY3,
X4 to pY1 + sY2 + rY3 ± Y4. In ase we have plus, the ommuting
relations imply k = m = 0. Then from the rst two onditions we
get ξ = F (z), η2 = G(z) + aw2 + bw3, η3 = H(z) + ew3. Comparing
the
∂
∂ξ
, ∂
∂η2
and
∂
∂η3
- oeients for the third ondition, we get Fz =
n, Gz + aw3 = l + nH + new3, Hz = m and hene F = nz − ni +
i, a = ne, Gz = nH + l, Hz = 0 (beause F (i) = i). Comparing the
∂
∂ξ
, ∂
∂η2
- oeients for the fourth ondition, we get −nz = −nz +
ni − i + r, −zGz − iγa + bw3 = p + rH + rew3 − iγ
′, whih implies
n = 1, r = 0, Gz = 0, γ
′ = γa. This nally gives us H = −l ∈ R and
hene e = 1 (beause Φ(p) = p′). Now we onlude that a = ne = 1,
γ′ = γa = γ and M = M ′, as required. In ase we have minus in
the fourth ondition, we note that M has the following polynomial
automorphism σ, preserving the point p:
z 7→ w3, w2 7→ −w2 + zw3 + 1, w3 7→ z.
Under this transformation
X1 7→ −X1, X2 7→ X3, X3 7→ X2, X4 7→ −X4.(6)
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Composing Φ with σ, we get a mapping Φ˜ fromM ontoM ′ with a plus
in the fourth ondition and hene onlude that γ′ = γ and M ′ =M .
Ic 7→ Ic. In this ase we may suppose that the alpha's are the
same for M and M ′ (sine dierent alpha's orrespond to dierent
q and hene to non-isomorphi Lie algebras). Also we suppose that
p = (i, iγ, i), p′ = (i, iγ′, i). The vetor eld algebras are of type I
with q ∈ (−1, 1), q 6= 0. From setion II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+w3
∂
∂w2
, X4 = qz
∂
∂z
+(q+1)w2
∂
∂w2
+w3
∂
∂w3
and the same
for Yj. Span{X1, X2, X3} is the ommutant. Span{X1} is the seond
ommutant. X4 is the unique element, modulo the ommutant, for
whih the orresponding adjoint operator has the eigenvalue q+1 on the
seond ommutant.From the above invariant desriptions we onlude
that Φ maps X1 to aY1, X2 to bY1 + eY2 + kY3, X3 to lY1 +mY2 +nY3,
X4 to pY1+sY2+rY3+Y4. The ommuting relations imply k = m = 0.
Then from the rst two onditions we get ξ = F (z), η2 = G(z)+aw2+
bw3, η3 = H(z) + ew3. Comparing the
∂
∂ξ
, ∂
∂η2
and
∂
∂η3
- oeients for
the third ondition, we get Fz = n, Gz+aw3 = l+nH+new3, Hz = m
and hene a = ne, Gz = nH+ l, Hz = 0. In partiular, F = nz−ni+ i
(from F (i) = i) and G is linear. Comparing the ∂
∂ξ
- oeients for
the fourth ondition, we get qnz = q(nz − ni + i) + r,whih implies
n = 1, r = 0. Comparing the ∂
∂η2
- oeients for the fourth ondition,
we get zGz + a(q + 1)w2 + bw3 = p + rH + rew3 + a(q + 1)w2 + (q +
1)w3 + (q + 1)G + p, whih implies b = b(q + 1) and hene b = 0, and
also zGz =
q+1
q
G and G = Az
q+1
q
. Sine G is linear and q 6= −1, we
get G = 0. Then H = −l ∈ R and hene e = 1 (beause Φ(p) = p′).
Now we onlude that a = ne = 1, and hene η2 = w2, whih implies
iγ = iγ′ and M = M ′, as required.
II 7→ II. In this ase p = (i, iγ, 0), p′ = (i, iγ′, 0). The vetor
eld algebras are of type II. From setion II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w3
∂
∂w2
, X4 = z
∂
∂z
+ (2w2 +
1
2
z2) ∂
∂w2
+ (z + w3)
∂
∂w3
and
the same for Yj. Span{X1, X2, X3} is the ommutant. Span{X1} is the
seond ommutant. X4 is unique element, modulo the ommutant, for
whih the orresponding adjoint operator has the eigenvalue 2 on the
seond ommutant.From the above invariant desriptions we onlude
that Φmaps X1 to aY1, X2 to bY1+eY2+kY3, X3 to lY1+mY2+nY3, X4
to pY1+sY2+rY3+Y4. The ommuting relations imply k = 0, n = e, a =
e2. Then in the same way as in the pervious ase from the rst two
onditions we get ξ = F (z), η2 = G(z) + e
2w2 + bw3, η3 = H(z) + ew3,
and from the third one Fz = nz − ni + i, Gz = eH + l, Hz = m.
Comparing the
∂
∂ξ
- oeients for the fourth ondition, we get nz =
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nz − ni + i + r,whih implies n = 1, r = 0. Comparing the ∂
∂η2
-
oeients for the fourth ondition, we get zGz+(2w2+
1
2
z2)e2+ b(z+
w3) = p+2e
2w2+2bw3+2G, whih implies e
2 = 1, b = 0, p = 0, zGz =
2G and hene G = Az2. Finally, omparing the ∂
∂η3
- oeients,
we get zHz + (z + w3)e = z + H + ew3 + q, whih implies zHz =
H + q, H = mz − q. Now from Φ(p) = p′ we get mi − q = 0 and
hene m = q = 0, H = 0, G = 0 (beause G = Az2 and Gz = l + eH).
Applying Φ(p) = p′ again, we get iγ = iγ′ and M = M ′, as required.
IIIa 7→ IIIa. In this ase we may suppose p = p′ = (0, 0, i). The
vetor eld algebras are of type III with q = 0. Span{X1, X2, X3} is
the ommutant, span{X1} is the seond ommutant, X4 is the unique
element, up to a sign and modulo the ommutant, for whih the or-
responding adjoint operator has eigenvalues {0, i,−i} on the ommu-
tant. From the above invariant desriptions we onlude that Φ maps
X1 to aY1, X2 to bY1 + cY2 + dY3, X3 to eY1 + kY2 + lY3, X4 to
mY1 + nY2 + pY3 ± Y4. From setion II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+w3
∂
∂w2
, X4 = −w3
∂
∂z
+ (1
2
z2 − 1
2
w23 − iγ)
∂
∂w2
+ z ∂
∂w3
and
the same for Yj (with a parameter γ
′
). It is onvenient now to make
the variable hange (2) and thus to get the ane vetor elds X1 =
∂
∂w2
, X2 =
∂
∂w3
−w2
∂
∂z
, X3 =
∂
∂z
+w3
∂
∂w2
, X4 = −w3
∂
∂z
−2iγ ∂
∂w2
+z ∂
∂w3
,
and the same for Yj (with a parameter γ
′
). The ommuting relations
now imply l = c, k = −d, c2+d2 = a. Then from the rst ondition we
get ξw2 = (η3)w2 = 0, (η2)w2 = a. The third and the seond ondition
imply ξw3 = d, ξz = c, (η3)z = −d, (η3)w3 = c and hene
ξ = cz + dw3 + s, η3 = −dz + cw3 + t.
Also we get (η2)z = e+sd+ ct, (η2)w3 = b− cs+dt. From Φ(p) = p
′
we
get s = −di, t = i − ci. In ase we have plus in the fourth ondition,
we ompare the
∂
∂ξ
and
∂
∂η3
- oeients for the fourth ondition and
get p = n = s = t = 0. Hene c = 1, d = 0, a = 1. Thus we have
η2 = w2 + ez + bw3 + h. Comparing now the
∂
∂η2
- oeients for the
fourth ondition, we get b = e = 0, γ = γ′, so M = M ′. In ase
we have minus in the fourth ondition, we rstly apply the following
authomorphism ε, preserving M and the xed point p:
z 7→ −z, w2 7→ −w2, w3 7→ w3.
As a result we get X1 7→ −X1, X2 7→ X2, X3 7→ −X3, X4 7→ −X4.
Composing Φ with ε, we get a biholomorphi mapping Φ′ of a germ of
M at p onto a germ of M ′ at p′ with a plus in the fourth ondition and
hene get M =M ′, as required.
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IIIb 7→ IIIb. In this ase we may suppose that the q-parameters are
the same forM andM ′ (sine dierent q orrespond to non-isomorphi
Lie algebras). Also we suppose that p = (i, iγ, 0), p′ = (i, iγ′, 0). The
vetor eld algebras are of type III with q > 0. Span{X1, X2, X3} is
the ommutant, span{X1} is the seond ommutant, X4 is the unique
element, modulo the ommutant, for whih the orresponding adjoint
operator has the eigenvalue 2q on the seond ommutant. From the
above invariant desriptions we onlude that Φ maps X1 to aY1, X2
to bY1 + cY2 + dY3, X3 to eY1 + kY2 + lY3, X4 to mY1 +nY2 + pY3 + Y4.
From setion II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w3
∂
∂w2
, X4 =
(qz−w3)
∂
∂z
+(2qw2+
1
2
z2− 1
2
w23)
∂
∂w2
+(z+qw3)
∂
∂w3
and the same for Yj.
It is onvenient now to make the variable hange (2) and thus to get the
ane vetor elds X1 =
∂
∂w2
, X2 =
∂
∂w3
−w2
∂
∂z
, X3 =
∂
∂z
+w3
∂
∂w2
, X4 =
(qz − w3)
∂
∂z
+ 2qw2
∂
∂w2
+ (z + qw3)
∂
∂w3
(and the same for Yj). The
ommuting relations now imply l = c, k = −d, c2 + d2 = a. Then from
the rst ondition we get ξw2 = (η3)w2 = 0, (η2)w2 = a. The third and
the seond ondition imply ξw3 = d, ξz = c, (η3)z = −d, (η3)w3 = c and
hene
ξ = cz + dw3 + s, η3 = −dz + cw3 + t.
Also we get (η2)z = e + sd + ct, (η2)w3 = b − cs + dt. From Φ(p) = p
′
we get s = i − ci, t = di. Comparing the ∂
∂ξ
and
∂
∂η3
- oeients for
the fourth ondition, it is not diult to obtain p = n = s = t = 0
and hene c = 1, d = 0, a = 1. Thus we have η2 = w2 + ez + bw3 + h.
Comparing now the
∂
∂η2
- oeients for the fourth ondition, we get
b = e = 0, m + 2qh = 0, whih implies Imh = 0 and from Φ(p) = p′
we now get iγ = iγ′ and M =M ′, as required.
IV 7→ IV. In this ase we may suppose p = p′ = (0, i, i). From
setion II we have X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w3
∂
∂w3
, X4 =
(i − δ) ∂
∂z
+ w2
∂
∂w2
and the same for Yj (with a parameter δ
′
). The
vetor eld algebras are of type IV. Span{X1, X2} is the ommutant.
X3 and X4 are the unique elements, up to a permutation and modulo
the ommutant, for whih the orresponding adjoint operators have
a olletion of eigenvalues {0; 1} on the ommutant. From the above
invariant desriptions we onlude that Φ maps X1 to aY1+ pY2, X2 to
bY1+qY2, and also (rst ase)X3 tomY1+nY2+Y3, X4 to kY1+lY2+Y4,
or (seond ase) X3 to mY1 +nY2 + Y4, X4 to kY1 + lY2 + Y3. The rst
two onditions in both ases imply ξ = F (z), η2 = G(z) + aw2 +
bw3, η3 = H(z) + pw2 + qw3. Comparing now the
∂
∂ξ
- oeients for
the third and the fourth onditions in the rst ase, we get Fz = 1 and
(i − δ)Fz = i − δ
′
, whih implies δ = δ′ and M = M ′, as required.
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Comparing the
∂
∂ξ
- oeients for the third and the fourth onditions
in the seond ase, we get Fz = i− δ and (i− δ)Fz = 1, whih implies
(i − δ)2 = 1, whih is impossible sine δ ∈ R, so the seond ase an
not our and nally M = M ′.
V 7→ V. We onsider a mapping between germs of arbitrary sur-
faes with g(M) of type V. In this ase from setion II we have
X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 =
∂
∂z
+ w2
∂
∂w2
+ w3
∂
∂w3
. For type Va
we have X4 =
i−α
β
∂
∂z
− w3
∂
∂w2
+ w2
∂
∂w3
, for type Vb we have X4 =
i ∂
∂z
+ (iez − w3)
∂
∂w2
+ (w2 + e
z) ∂
∂w3
. Span{X1, X2} is the ommutant.
X3 is the unique element, modulo the ommutant, for whih the or-
responding adjoint operator is idential on the ommutant. X4 is the
unique element, up to a sign and modulo the ommutant, for whih the
orresponding adjoint operator has eigenvalues {i;−i}. From the above
invariant desriptions we onlude that Φ maps X1 to aY1+ pY2, X2 to
bY1+qY2, X3 tomY1+nY2+Y3, and also (rst ase)X4 to kY1+lY2+Y4,
or (seond ase) X4 to kY1 + lY2−Y4. The rst two onditions in both
ases imply ξ = F (z), η2 = G(z) + aw2 + bw3, η3 = H(z) + pw2 + qw3.
Comparing now the
∂
∂ξ
- oeients for the third and the fourth on-
ditions in the rst ase, we get Fz = 1, and also:
i−α
β
Fz =
i−α′
β′
(V a 7→ V a), or i−α
β
Fz = i (V a 7→ V b), whih implies α = α
′, β = β ′
and M = M ′ for V a 7→ V a, or α = 0, β = 1 for V a 7→ V b, whih
is a ontradition. Comparing the
∂
∂ξ
- oeients for the third and
the fourth onditions in the seond ase, we get Fz = 1, and also:
i−α
β
Fz = −
i−α′
β′
(V a 7→ V a), or i−α
β
Fz = −i (V a 7→ V b), whih implies
β = −β ′ for V a 7→ V a, whih is a ontradition sine β, β ′ > 0, or
α = 0, β = −1 for V a 7→ V b, whih is also a ontradition sine β > 0,
as required.
VI 7→ VI. We laim that all non-sperial tube surfaes VIa-VIi
are pairwise non-equivalent. To see that, we note that for all tube
surfaes VIa-VIi the real matrix, dening the linear part of the ane
vetor eld X4, has rank at least 2, whih implies that the entralizer
of X4 in g(M) is not more than 1-dimensional. Then we an nd no
3-dimensional abelian subalgebra in g(M) other than the one spanned
by X1, X2, X3. Hene if F is a biholomorphi mapping between germs
of two non-spherial tube surfaesM,M ′ from the list VIa-VIi, then by
proposition 3.2 F maps g(M) to g(M ′) and the unique 3-dimensional
abelian subalgebras are also mapped onto eah other. In the same
way as in proposition 3.3 we onlude now that F is a linear mapping.
Hene dierent tube surfaes from the list VIa-VIi are pairwise loally
CR non-equivalent, as required.
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Thus, aording to the laims of the main trihotomy, theorem 2.9
and proposition 3.3, the Main Theorem is ompletely proved. 
Proof of theorem 1.2. For all surfaes (2.1)-(3.19) exept (3.4) and
(3.9) the desired laim follows from the fat that in appropriate o-
ordinates g(M) onsists atually of ane vetor elds (see the above
desription of g(M) for dierent types). For the exeptional surfae
(3.4) one should make the variable hange (2). After that we have
(see the ase II 7→II above): X1 = 2
∂
∂w2
, X2 =
∂
∂w3
− z ∂
∂w2
, X3 =
∂
∂z
+ w3
∂
∂w2
, X4 = z
∂
∂z
+ 2w2
∂
∂w2
+ (z + w3)
∂
∂w3
and thus the homo-
geneity of (3.4) is provided by an algebra of ane vetor elds. For the
exeptional ase (3.9) one should make the variable hange z∗ = ez.
Then g(M) looks as follows (see the ase V7→V above):
X1 =
∂
∂w2
, X2 =
∂
∂w3
, X3 = z
∂
∂z
+ w2
∂
∂w2
+ w3
∂
∂w3
,
X4 = iz
∂
∂z
+ (iz − w3)
∂
∂w2
+ (z + w2)
∂
∂w3
and hene onsists of ane vetor elds, as required. 
Proof of theorem 1.2'. For eah algebra of type I-V exept the
type I algebra with q = 1 we an nd some homogeneous surfae in
the list (3.1) - (3.9), for whih this algebra is a transitively ating
algebra (as it follows from setion 2), and then to apply theorem 1.2.
For the type I algebra with q = 1 the neessary realization is given
in the ase I of setion 2. For type VI algebras one should just put
X1 =
∂
∂z1
, X2 =
∂
∂z2
, X3 =
∂
∂z3
and X4 to be a linear vetor eld with
the dening matrix C = (cij). For a type VIII algebra one should put
(say, in a neighborhood of the point (0, 1, i) ∈ C3) Xj with j = 1, 2, 3
to be a linear vetor eld with a dening matrix from the standard
basis of the Lie algebra so3(C), and also put X4 to be the Euler vetor
eld. For a type VII algebra the proof is similar. 
Proof of theorem 1.3. Following arefully the above arguments, one
an see that in ases Ia-Vb any mapping of a germ of a homogeneous
surfae onto itself is atually idential exept the mapping σ for the
surfaes of type Ib and ε for the surfaes of type IIIa. For tube sur-
faes VIa-VIi eah mapping of a germ onto itself must be linear (see
the arguments above). It is not diult to see that only the ubi, the
surfaes VIb for a = −1 and the surfae VIi have the desired linear au-
tomorphism, preserving a xed point (the anely homogeneous urves,
orresponding to tube surfaes VIa, an not be extended to the origin
as anely homogeneous urves exept the ase of the ubi). 
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Proof of theorem 1.4. As it was mentioned above, any symmetri
CR-manifold is CR-homogeneous. It follows from theorem 1.3 that
among the totally non-degenerate homogeneous surfaes (2.1) - (3.19)
the following ones are symmetri: (2.1), (3.2), (3.5), (3.12) and (3.19),
the desired involutions sp are as they are presented in theorem 1.3;
for the ubi one should put λ = −1. The isometry property for sp
is obvious in ases (2.1), (3.5), (3.12), (3.19). In the ase of (3.2) the
isometry property follows from (6). The symmetry property hek in
all ases is straightforward. For the degenerate surfaes (1.1) - (1.3)
we note that a CR-manifold of kind M3 × R1, where M3 ⊂ C2z,w2
is a loally homogeneous surfae in C2, R1 ⊂ C1w3 is a real line, is
CR-symmetri if and only if M3 is symmetri. It follows from the
E.Cartan's lassiation theorem that among the hypersurfaes from
his list only the surfaes, orresponding to (2.b) - (2.f), have non-trivial
stability subgroups, whih are of Z2-type. The symmetry property
hek for these surfaes, as well as for a hyperplane and a hypersphere
in C2, is straightforward. This ompletely proves the theorem. 
Remark 3.4. It is an amazing onsequene of theorem 1.4 that any
symmetri totally non-degenerate 4-manifold is assoiated to a seond
order plane urve in the sense that one of the dening equations of the
manifold an be hosen as an equation of a seond order plane urve.
Remark 3.5. Another possible approah to the desription of homo-
geneous surfaes is to present a list of all possible normal forms (see, for
example, [11℄, [17℄). For some ases this approah is atually realized
in [7℄. It would be interesting, taking orollary 1.2 into aount, to
reformulate the Main Theorem in terms of some ane normal forms,
as it was made, for example, in [11℄ for anely homogeneous hyper-
surfaes in R3. It would be also interesting to nd the speify of the
normal form for the symmetri surfaes.
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